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The phantom dark energy remarkably boosts our prehension of the accelerating Universe. Various
models are widely discussed in the phantom Universe without bulk viscosity. From the hydrody-
namics’ point of view, it is natural to introduce the nonperfect fluid in the study of the Universe, as
an ideal fluid just an approximation to the real world after all and using the generalized equation
of state (EoS) with bulk viscosity, the early inflationary universe and the accelerated expansion of
the late-time universe are described by many authors. In this paper, in order to investigate how
the viscosity will influence the evolution of the Universe, we study a class of phantom dark energy
models with bulk viscosity by the method of dynamical analysis technique. We show that there are
different cosmic late-time behaviors and the stability also brings some constraints on the models.
We also plot the evolutionary trajectories of this model in the statefinder parameter-planes to see
the different behaviors of the models from the statefinder viewpoint.
PACS numbers:
I. INTRODUCTION
In the past 20 years, the cosmological observational data made it possible to understand the geometry and the
expansion history of the Universe [1–7]. The late time acceleration of the Universe indicates the requirement of either
the modification of theories of gravitation or the existence of a component in the Universe that acts as gravitational
repulsion. Such a component, which should be relatively uniform in the observable Universe, is called dark energy,
whose origin is still an open question in modern physics. Dark energy is usually described by the equation of state
(EoS) w = p/ρ, where p is the pressure and ρ is the density. From the evolutionary equation of the scale factor a:
a¨
a
= −1
2
(1 + 3w)
a˙2
a2
, (1)
we can see that an accelerating Universe desires w < − 13 , which suggests that the pressure of dark energy is negative.
Here we use the units that 8piG = 1. With the equation of state w = −1, the cosmological constant Λ has provided a
good description for the accelerating Universe. However, one cannot explain why the observed cosmological constant
is so small when the constant is considered as quantum vacuum energy, which is one of the most popular explanation
of the cosmological constant. The value of vacuum energy density contributed from the sum of all vacuum modes
below an ultraviolet cut-off at the Planck scale is given by ρΛ ∼ 10112erg/cm3 , which exceeds the observational value
of ρΛ ∼ 10−8erg/cm3 by about 120 orders of magnitude[8].
Therefore, different dark energy models other than the cosmological constant have been suggested to describe
the accelerating Universe. Among the models, the scalar field models of dark energy may probe the nature of the
acceleration of the Universe. Such a kind of canonic scalar field is called quintessence[9, 10], which is considered as
one of the candidates of dark energy that inspired by the quantum theory. One the other hand, the cosmological
observational data shows that the EoS wDE for dark energy lies in a narrow range near the value w = −1. So
R.Caldwell suggested another type of scalar field in the Universe named phantom with w < −1[11, 12], which differs
from the canonic action for the scalar field only by the sign of the kinetic term. In Ref.[13–16], the authors pointed
out that the big rip in late Universe of phantom dark energy can be avoided. More generalized dynamical models of
dark energy like quintom [17], k-essence[18] and H-essence[19] are also widely discussed.
Cosmology with viscosity is also an interesting alternative to understand the expansion of the Universe. From
the hydrodynamics’ point of view, it is natural to introduce the nonperfect fluid in the study of the Universe, as
an ideal fluid just an approximation to the real world after all. The evolution of nonperfect fluid is a dissipative
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2process, which can be described by bulk viscosity, shear viscosity, and heat conduction. The viscous relativistic fluids
were first suggested in Refs.[20, 21]. In the general theory of dissipation in relativistic nonperfect fluid, the evolution
equation becomes very complicated. Fortunately, if we study the phenomenon in the quasi-thermal equilibrium state,
the conventional theory is still valid. In fact, in the homogeneous and isotropic Universe, the dissipative processes
can be described by bulk viscosity and the shear viscosity can be ignored. The bulk viscosity introduces dissipation
by re-defining the effective pressure peff as
peff = pi − 3ξiH , (2)
where ξi is the bulk viscosity coefficient of any component and H is the Hubble parameter.
The interest in viscous universe has increased in recent years[22–36]. For example, in Ref.[22], the authors studied the
cosmological dynamics of the viscous generalized Chaplygin gas , giving the constraints of the parameters. In Ref.[31],
the authors discussed the viscous Cardassian models and fit the models with Ia SN data, which is instructive for the
study of observational cosmology. The authors of Ref.[32] alleviated the cosmological age problem by investigating
the viscous Ricci dark energy. And the authors of Ref.[27] did a statistics analysis considering an interacting and
viscous Universe and performed a dynamics system approach as well.
On the other hand, the dynamical system of the Universe is a non-linear system so it is hard to find its analytic
solution. In order to describe the evolution of a dynamical system, people usually find the critical points of the system
and study the perturbations around these critical points to determine the stability of the system. Another advantage
of the dynamical approach is that it can completely avoid the influence of non-linear effect. Thus, in cosmology, the
dynamical method is widely used in the discussions of dark energy[37] or modified gravitation[38]. General reviews of
the autonomous systems in Friedman-Lemaitre-Robertson-Walker(FLRW) Universe have been given in Refs.[39, 40].
In this paper, we,will assume the existence of the bulk viscosity in the phantom dark energy and investigate the
evolution of the viscous phantom Universe by the dynamical approach. The paper is organized as follows. In Sec.II
we give a brief review of the phantom dark energy and reconstruct the viscous phantom models. We study three
different models A, B and C of viscous phantom dark energy in Sec.III, Sec.IV and Sec.V. Among the three models,
Model C is a special case with tracking attractor. And in Sec.VI, we apply statefinder diagnostic to differentiate
among different forms of phantom Universe. Finally, discussions and conclusions will be given in Sec.VII.
II. VISCOUS PHANTOM DARK ENERGY
The FLRW metric that describes a homogeneous and isotropic flat Universe is given by
ds2 = −dt2 + a(t)2
[
dr2 + r2(dθ2 + sin2 θdφ2)
]
, (3)
where a(t) is the scale factor.
The action for the phantom field minimally coupled to gravity is given by
S =
∫
d4x
√−g [−(∂φ)2 + V (φ)] . (4)
The Friedmann equations of the Universe composed by dust matter and phantom field read
H2 =
1
3
(ρm + ρφ) , (5)
H˙ = −1
2
(ρm + ρφ + pφ) , (6)
where ρi’s and pi’s are the densities and pressures of different components.
The dissipation of bulk viscosity is introduced by the effective pressure of phantom field[20, 22, 31, 32]
peff = pφ − 3ξφH , (7)
and the evolutionary equation of phantom field can be written as
φ¨+ 3Hφ˙− dV (φ)
dφ
+
9ξφH
2
φ˙
= 0 , (8)
3where ξφ is the bulk viscosity coefficient of phantom field. Due to the second law of thermodynamics, we have ξφ > 0
that assures a positive entropy production. So the evolution equations for the dust matter and the phantom fields
can be written as
ρ˙m + 3Hρm = 0 , (9)
ρ˙φ + 3H(ρφ + pφ − 3Hξφ) = 0 . (10)
We introduce the dimensionless variables as follows:
x =
φ˙√
6H
, y =
√
V (φ)√
3H
, (11)
λ = −V
′(φ)
V (φ)
, Γ =
V (φ)V ′′(φ)
V ′(φ)2
, ζ =
ξφ
3H
.
The relative densities of the components are given by
Ωm = 1 + x
2 − y2 , (12)
Ωφ = −x2 + y2 . (13)
And the EoS of phantom field reads
wφ =
pφ
ρφ
=
−x2 − y2 − ξφH
−x2 + y2 . (14)
The total EoS parameter in terms of H reads
wtot =
p
ρ
= −1− 2
3
H˙
H2
, (15)
where
H˙/H2 = −3
2
(
1− x2 − y2 + ξφ
3H
)
. (16)
For viscous phantom cosmological dynamical system, the equations of autonomous system can be expressed as
dx
dN
= −3x−
√
6
2
λy2 +
3
2
x
[
1− x2 − y2 − ζ
]
− 3ζ , (17)
dy
dN
= −
√
6
2
λxy +
3
2
y
[
1− x2 − y2 − ζ
]
, (18)
dλ
dN
= −
√
6λ2x(Γ− 1) . (19)
(20)
where N = ln a = − ln(1 + z). We will study three models with different viscosity in the following sections.
III. AUTONOMOUS SYSTEM OF MODEL A: ξφ = 3ξ0H
Firstly we are interested in the model whose bulk viscosity is proportional to the Hubble parameter, given by
ξφ = 3ξ0H. In this model, we choose the exponential potential as
V (φ) = V0e
−αφ , (21)
where α and V0 are positive constants. Thus, the equations of dynamical system of Model A can be reduced as the
following equations:
dx
dN
= −3x−
√
6
2
αy2 +
3
2
x
[
1− x2 − y2 − ξ0
]
− 3ξ0 , (22)
dy
dN
= −
√
6
2
αxy +
3
2
y
[
1− x2 − y2 − ξ0
]
, (23)
4from which the critical points are obtained and the physical conditions of these critical points can be studied, see Table
I. And we may also perform perturbations to study the stability of these points by substituting linear perturbations
near the critical points in the form as
x = x(Ai) + δx , (24)
y = y(Ai) + δy , i ∈ (1, 2) , (25)
where x(Ai) and y(Ai) denote the coordinates of the critical points (x(Ai) , y(Ai)). From the perturbation equations
d
dN
 δx
δy
 =
 −
3
2
(
1 + 3x2 + y2 + ξ0
) −3xy −√6αy
−3xy −
√
3
2αy
1
2
(
3− 3x2 − 9y2 −√6αx− ξ0
)

 δx
δy
 , (26)
we may give the eigenvalues of each point. For a 2D autonomous system, a stable point requires the real parts of both
eigenvalues to be negative, a saddle point is with one eigenvalue having a real part and the other having a negative
one, and the point is unstable if the real parts of both eigenvalues are positive. Ignoring the unphysical points, we
list the two fixed points of the autonomous equations in Table I, labelled as Case (A1) and Case (A2).
Case Critical points (x, y) Parameter Region (Fig.1) Stability
I Stable
(A1)
(
x(A1) , 0
)
II&III Saddle
IV Unstable
(A2)
(
x(A2) , y(A2)
) III&IV Stable
I&II Saddle
x(A1) = − 1+ξ031/3 ΛA + (91/3ΛA)−1 , ΛA =
(− 9ξ0 +√3√ξ30 + 30ξ20 + 3ξ0 + 1)−1/3 .
x(A2) =
−α2+3−∆A
2
√
6α
, y(A2) =
√
1−
√
6
3
αx(A2) − ξ0 − x2(A2) , ∆A =
√
α4 + 6α2 − 12α2ξ0 + 12
√
6αξ0 + 9 .
TABLE I: The fixed points and their stability of autonomous system of Model A. The detail of the physical conditions are
shown in Appendix A.
For Case (A1), the eigenvalues of the perturbation matrix are given by
λ1 = −3
2
(
1 + 3x2A1 + ξ0
)
, (27)
λ2 =
1
2
(
3− 3x2A1 −
√
6αxA1 − ξ0
)
. (28)
It is conceivable that the stability of this critical point is determined by the values of α and ξ0. The corresponding
regions of the two parameters to the stability are shown in Fig.1(a) and also listed in Table I. This point trends to
(0, 0) when ξ0 → 0, thus it represents a matter dominated Universe.
Case (A2) is the only non-trivial critical point besides case (A1), which represents a phantom dominated Universe.
The eigenvalues of the perturbation matrix are given by
λ3 =
1
4
[
C1xA2 + C2 −
√
D1x3A2 +D2x
2
A2 +D3xA2 +D4
]
, (29)
λ4 =
1
4
[
C1xA2 + C2 +
√
D1x3A2 +D2x
2
A2 +D3xA2 +D4
]
, (30)
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FIG. 1: The stable region of Case (A1) and Case (A2). In Figure.(a), the yellow region named ”I” is the stable region of
Case (A1). Similarly the green region named ”II” is saddle region and the red one named ”III” is unstable region. The stable
condition of Case (A2) is shown in Figure.(b), the yellow region named ”I” is the stable region and green region named ”II” is
saddle region. In Figure.(c), the upper pink region is the stable region for Case (A1) and the lower yellow region is the stable
region for Case (A2). It is clearly shown that the stable region of the two fixed points separate from each other.
where C1, C2 and D1 to D4 are coefficients composed of α and ξ0 (see Appendix A). The regions of α and ξ0 indicating
the stability of the critical point (A2) are illustrated in Fig.1(b) and the stable areas of (A1) and (A2) are separate.
However, in a physical view, we want α and ξ0 to be small. So in the following study we may consider case (A1) as a
saddle point and case (A2) as a stable point.
Next, we study the above dynamical system numerically. We choose the parameter to be α = 0.2 and ξ0 = 0.01.
The phase diagram is given in Fig.2(a), where we can observe that all orbits tend to an attractor which describes a
late time transition from matter dominated era to phantom dominated one. Note that as we increase of the value
of α and ξ0 individually, the attractor moves away from the point (0, 1) in different directions, which are shown in
Fig.2(b) and Fig.2(c). These results drop a hint that the viscosity does play an important role in the evolution of the
Universe.
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Viscous Phantom @Model A {α, ξ} = {0.2, 0.01}
(a)The phase graph of Model A
{α , ξ0} = {0.2 , 0.01}.
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(b)The variation of the node point
(x(A2) , y(A2)), ξ0 is fixed as
ξ0 = 0.01 and α varies from 0 to 1.
The critical points when
{α, ξ0} = {0.1, 0.01} and
{α, ξ0} = {0.2, 0.01} are specially
mentioned on the curve.
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(c)The variation of the node point
(x(A2) , y(A2)), α is fixed as α = 0.2
and ξ0 varies from 0 to 0.1. The
critical points when
{α, ξ0} = {0.2, 0.02} and
{α, ξ0} = {0.2, 0.05} are specially
mentioned on the curve.
FIG. 2: {x, y}-phase of Model A. In Fig(a), we have set that α = 0.2 and ξ0 = 0.05. In Fig(b) we enlarge the figure and show
how the node point varies with α, from α = 0 to α = 1. The critical point when {α, ξ0} = {0.1, 0.01} and {α, ξ0} = {0.2, 0.01}
are specially mentioned on the curve. Similarly, in Fig(c), we set α = 0.2 with variable ξ0 and we enlarge the figure to show how
the node point varies with ξ0, from ξ0 = 0 to ξ0 = 0.1. The critical points when {α, ξ0} = {0.2, 0.02} and {α, ξ0} = {0.2, 0.05}
are also specially mentioned on the curve.
6IV. AUTONOMOUS SYSTEM OF MODEL B: ξφ = ξ0φ˙
Another form for bulk viscosity that we are interested in is ξφ = ξ0φ˙. The equations of dynamical system of Model
B could be reduced to the following equations:
dx
dN
= −3x−
√
6
2
αy2 +
3
2
x
[
1− x2 − y2 − ξ0x
]
− 3ξ0x , (31)
dy
dN
= −
√
6
2
αxy +
3
2
y
[
1− x2 − y2 − ξ0x
]
. (32)
Similar to Model A, the critical points for the dynamical system are listed in Table.III.
Case Critical points (x, y) Stability
(B1)
(
0 , 0
)
Saddle
(B2)
(
x(B2), y(B2)
)
Stable
x(B2) =
1
4
√
6α
[
6− 2α2 −√6αξ0 + 6ξ0 −
√(
6− 2α2 −√6αξ0 + 6ξ0
)2
+ 48α2
]
.
y(B2) =
1
3
(
3x2(B2) + (
√
6α+ 3ξ0)x(B2) − 3
)
.
TABLE II: The fixed points and their stability of autonomous system of Model B.
In Model B, the node point (x(B2) , y(B2)) is always stable when α > 0 and ξ0 > 0, see details in Appendix B.
Next, we study Model B numerically. The phase diagrams are given in Fig.3(a), where we choose the parameter to
be α = 0.2 and ξ0 = 0.01. The critical point in Fig.3(a) is point (x(B2), y(B2)) and the different orbits all tend to
this attractor. Similar to Model A, the critical point also describes a late time transition from matter dominated era
to phantom dominated one. And as we increase of the value of α and ξ0 individually, the attractor also moves away
from the point (0, 1) in different directions, which are shown in Fig.3(b) and Fig.3(c).
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(a)The phase graph of Model B
{α , ξ0} = {0.2 , 0.01}.
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(b)The variation of the node point
(x(B2) , y(B2)), ξ0 is fixed as
ξ0 = 0.01 and α varies from 0 to 1.
The critical points of
{α, ξ0} = {0.1, 0.01} and
{α, ξ0} = {0.2, 0.01} are mentioned
on the curve.
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(c)The variation of the node point
(x(B2) , y(B2)), α is fixed as α = 0.2
and ξ0 varies from 0 to 0.01. The
critical points of
{α, ξ0} = {0.2, 0.02} and
{α, ξ0} = {0.2, 0.05} are mentioned
on the curve.
FIG. 3: {x, y}-phase of Model B. In Fig(a), we have set that α = 0.2 and ξ0 = 0.05. In Fig(b) we enlarge the figure and show
how the node point varies with α, from α = 0 to α = 1. The critical point when {α, ξ0} = {0.1, 0.01} and {α, ξ0} = {0.2, 0.01}
are specially mentioned on the curve. Similarly, in Fig(c), we set α = 0.2 with variable ξ0 and we enlarge the figure to show how
the node point varies with ξ0, from ξ0 = 0 to ξ0 = 0.1. The critical points when {α, ξ0} = {0.2, 0.02} and {α, ξ0} = {0.2, 0.05}
are also specially mentioned on the curve.
8V. AUTONOMOUS SYSTEM OF MODEL C: LARGE λ
Next, we study a special model to see the tracking behavior of viscous phantom dark energy. Supposing that λ is
very large and Γ is nearly constant but is not 1, we make the following transformation similar to Ref.[14? ? ].
 =
1
λ
, x = X , y = Y , ξφ = ξ . (33)
We also suppose that ξ is nearly constant. The terms with  omitted, the autonomous system can be rewritten in
terms of new variables X and Y as:
dX
dN
= −3
2
X −
√
6
2
Y 2 − 3ξ −
√
6(Γ− 1)X2 , (34)
dY
dN
=
3
2
Y −
√
6
2
XY −
√
6(Γ− 1)XY . (35)
Thus, we may obtain the non-trivial and physically allowed point among the critical points:
(
Xc , Yc
)
=
(
3
2
Γa ,
Γa√
2
√
−2√6ξ
Γ2a
− 6
Γa
+ 3
)
, (36)
where Γa =
1
2Γ−1 . At this state, the corresponding energy density parameter of viscous phantom field is given by
ΩDE = −3
2
Γa +
Γa√
2
√
−2√6ξ
Γ2a
− 6
Γa
+ 3 , (37)
and the EoS of viscous phantom energy read as
wDE =
− 32Γa − Γa√2
√
−2√6ξ
Γ2a
− 6Γa + 3− ξ
− 32Γa + Γa√2
√
−2√6ξ
Γ2a
− 6Γa + 3
. (38)
From the physical requirement 0 ≤ ΩDE ≤ 1, the viable area of Γ and ξ is shown in Fig.4.
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FIG. 4: The viable area of Γ and ξ in Model C.
As remarked before, λ is large, thus we can easily find that the critical point
(
Xc , Yc
)
leads to a matter dominated
Universe. And the density parameter of the viscous phantom field would track with the evolution of dark matter.
Next we will study the stability of the critical point. Similar to Model A and Model B, we have
d(δX)
dN
=
[
− 3
2
− 2
√
6X(Γ− 1)
]
δX −
√
6Y δY , (39)
d(δY )
dN
= −
√
3
2
Y
Γa
δX +
1
2
(
3−
√
6X
Γa
)
δY . (40)
9The eigenvalues are given by
Λ1 = 4Γa
(
− 9Γa + 6−
√
3
√
∆c
)
, (41)
Λ2 = 4Γa
(
− 9Γa + 6 +
√
3
√
∆c
)
, (42)
where
∆c = −128
√
6Γ3ξ + 192
√
6Γ2ξ − 84Γ2 − 96
√
6Γξ + 60Γ + 16
√
6ξ + 3 . (43)
According to the previous discussion, we found that in the viable area of (Γ, ξ) the eigenvalues are negative. Thus
this is a stable point.
Next, we study the dynamical system of Model C numerically. We can observe that all the orbits tend to the only
non-trivial critical point appearing in the phase space in Fig.5(a), where we choose the parameter to be Γ = −0.8 and
ξ0 = 0.05. We also study that how the spiral point moves when the parameters are changed, which are also shown in
Fig.5(b) and Fig.5(c) .
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Viscous Phantom @Model C {Γ, ξ} = {-0.8, 0.05}
(a)The phase graph of Model C,
{Γ , ξ} = {−0.80, 0.05}.
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(b)The variation of the spiral point
(Xc , Yc), ξ is fixed as ξ = 0.01 and
Γ varies from 0 to -1. The critical
points of {Γ , ξ} = {−0.80, 0.01} and
{Γ , ξ} = {−0.80, 0.05} are
mentioned on the curve.
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(c)The variation of the spiral point
(Xc , Yc), Γ is fixed as Γ = −0.8
and ξ varies from 0 to 0.1. The
critical points of
{Γ , ξ} = {−0.10 , 0.05} and
{Γ , ξ} = {−0.80, 0.05} are
mentioned on the curve.
FIG. 5: {x, y}-phase of Model C. We have set that {Γ , ξ} = {−0.80 , 0.05} in Fig(a). In Fig(b) we set ξ = 0.01 enlarge the
figure and show how the node point varies with Γ, from Γ = 0 to Γ = −1. The critical points when {Γ , ξ} = {−0.10, 0.01}
and {Γ , ξ} = {−0.80, 0.01} are specially mentioned on the curve. Similarly, in Fig(c), we set Γ = −0.8 with variable ξ0
and we enlarge the figure to show how the spiral point varies with ξ0, from ξ = 0 to ξ = 0.1. The critical points when
{Γ , ξ} = {−0.80, 0.02} and {Γ , ξ} = {−0.80, 0.05} are also specially mentioned on the curve.
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VI. STATEFINDER DIAGNOSTIC FOR VISCOUS PHANTOM UNIVERSE
As an effective method to distinguish different dark energy models, statefinder diagnostic is widely applied[42–48].
The statefinder parameters {r, s} are defined as
r ≡
...
a
aH3
, s ≡ r − 1
3(q − 1/2) , (44)
where q is the deceleration parameter
q = − a¨
aH2
. (45)
Apparently, the statefinder parameters depend on the higher derivative of scale factor. For flat LCDM model, the
statefider parameters correspond to a fixed point {s, r} = {0, 1}. In order to differentiate among different forms
of phantom Universe, we proposed statefinder diagnostic to Model A, Model B and phantom Universe without
viscosity(Model P). Using the conservation equations, one can obtain that
r = 1− 3
2
w′φΩφ +
9
2
wφ(1 + wφ)Ωφ , (46)
s = 1− w
′
φ
3wφ
+ wφ , (47)
q =
1
2
(1 + 3wφΩφ) , (48)
where ′ = ddN .
In the following we show the time evolution of statefinder parameters in the case of α = 1 and ξ0 = 0.02 in Fig.6(a).
We have also plot Model P as a contrast. We can see that the {s, r} exists in r < 1. The plot is for the interval
N ∈ [0, 100]. Model B and Model P go through the LCDM fixed point M but Model A behaves differently. The
differences between Model B and Model P are that in Model B, the evolution of statefinder parameters firstly exists
in the right side of {s, r} = {0, 1}, then go back to the LCDM fixed point and next behaves as a climbing up solution
as time passes. We also show the trajectories of the statefinder in the qr plane in Fig.6(b). It is easy to see that in
Fig.(a) Model A is almost linear in some stage of evolution, and in Fig.(b) the deceleration parameter changes from
nearly one constant to a climbing-up like solution as time passes.
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(a)Evolving trajectories of the statefinder pairs in the sr
plane.
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(b)Evolving trajectories of the statefinder pairs in the qr
plane.
FIG. 6: Evolving trajectories of the statefinder in the sr and qr planes for the case of α = 1 and ξ0 = 0.02. Model A is described
by the green dashed lines. The red thick lines represent the evolving trajectories of the Model B. Model P is presented as blue
lines. The black dot represents LCDM.
We then discuss the statefinder for Model B with different ξ0 to investigate how the viscosity influences the evolution
of the Universe. The results are shown in Fig.7, where we choose ξ0 = 0.01, ξ0 = 0.02 and ξ0 = 0.03 as examples.
From the statefinder view one can see that with the larger the viscosity is, the evolution of the universe is slowed
down more apparently.
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(a)Evolving trajectories of the statefinder pairs of Model
B in the sr plane.
(b)Evolving trajectories of the statefinder pairs of
Model B in the qr plane.
FIG. 7: Evolving trajectories of the statefinder in the sr and qr planes for the case of α = 1 of Model B. The thick dashed
lines represent the evolving trajectories of the case of ξ0 = 0.01, while thin dashed line describes the case of ξ0 = 0.02 and the
case ξ0 = 0.03 is described by normal lines.
VII. CONCLUSION AND DISCUSSION
In this paper, we have investigated the dynamical evolution of three models viscous phantom Universe for different
parameters: Model A, ξφ = 3ξ0H ; Model B, ξφ = ξ0φ˙ ; Model C, Large λ . We have shown that in each model,
different initial values of the three models will lead to different evolution tracks but the same node point. And
for Model A and B, when the viscosity constant ξ0 becomes larger, the node points of the dynamical system will
move apparently, which drops a hint that the viscosity does play an important role in the evolution of the Universe.
Specially, in Model A, the stability of the critical points also perform constrains to the viscosity constant ξ0 and α in
potential V = V0e
−αφ.
We also plot the evolving trajectories of the statefinder in the sr and qr planes for the case of α = 1 and ξ0 = 0.02.
From the statefinder view, we find that Model A describes a big rip Universe, and Model B behaves as a climbing
up solution. And we also hope that future high precision observation will be capable of determining these statefinder
parameters.
After all, due to its ability to produce observational predictions cosmology is always a testable theory and we believe
that in the future some new experiments with multiple observations and techniques will improve our knowledge of
late-time accelerating expansion. For example, in Ref.[49], it is demonstrated that quintessence dark energy models
can be ruled out in the next 5 years independently of cosmological observations if long-baseline neutrino experiments
measure the neutrino mass ordering to be inverted. And the development of artificial neural network [50] may help
in the future study.
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Appendix A: The Dynamics of Model A
In this appendix, we may give a brief discussion for the dynamics of Model A.
−3x−
√
6
2
αy2 +
3
2
x
[
1− x2 − y2 − ξ0
]
− 3ξ0 = 0 , (A1)
−
√
6
2
αxy +
3
2
y
[
1− x2 − y2 − ξ0
]
= 0 . (A2)
When y is zero, we can obtain that
x3 + (1 + ξ0)x+ 2ξ0 = 0 . (A3)
12
This is a third order linear equation with standard form that one can easily solve it by Cardan’s formula:
−3x+ 3
2
x
[
1− x2 − ξ0
]
− 3ξ0 = 0 . (A4)
Thus we may obtain the Case (A1) after ignoring the complex solutions.
When y is not zero, we can obtain that
0 = 2
√
6αx2 + 2
(
α2 − 3)x+√6(ξ0 − 1)− 6ξ0 , (A5)
y2 = 1−
√
6
3
αx− ξ0 − x2 . (A6)
From Eq.(12), we expect that Ωm > 0. Thus, the dimensionless variables should satisfy −x2 +y2 < 1. And this viable
critical point is listed in Table I.
For case (A1), y is zero, the perturbation matrix is given by
M1 =
 − 32
(
1 + 3x2 + ξ0
)
0
0 12
(
3− 3x2 − 9y2 −√6αx− ξ0
)
 . (A7)
The eigenvalues satisfy the equation
λ2 − TrM1λ+ DetM1 = 0 . (A8)
So we can obtain
λ1 = −3
2
(
1 + 3x2 + ξ0
)
, (A9)
λ2 =
1
2
(
3− 3x2 − 9y2 −
√
6αx− ξ0
)
. (A10)
When y is not zero, the eigenvalues are given by
λ3 =
1
4
[
C1x+ C2 −
√
D1x3 +D2x2 +D3x+D4
]
, (A11)
λ4 =
1
4
[
C1x+ C2 +
√
D1x3 +D2x2 +D3x+D4
]
, (A12)
where
C1 = 3
√
6α , (A13)
C2 = 6ξ0 − 12 , (A14)
D1 = −96
√
6α , (A15)
D2 = 2
(− 93α2 + 72) , (A16)
D3 = −4
√
6α(4α2 + 15ξ0 − 13) , (A17)
D4 = −48α2(ξ0 − 1) + 36ξ20 . (A18)
With these results one can discuss the stability of the model.
Appendix B: Dynamic System of Model B
Similar to Model A, in Model B, the trace and determinant of the perturbation matrix are given by
TrM2 =
3
2
x(
√
6α+ ξ0)− 3(2 + ξ0) , (B1)
DetM2 = 6
√
6αx3 +
3
2
(
10α2 + 5
√
6αξ0 − 6(ξ0 + 1)
)
x2
+
(√
6α3 + 6α2ξ0 + 3
√
3
2
α
(
(ξ0 − 2)ξ0 − 6
)− 9ξ0(ξ0 + 1))x− 3α2 − 3√3
2
αξ0 + 9ξ0 + 9 , (B2)
13
respectively. For TrM2 < 0, it is easy to see that
x(B2) <
2ξ0 + 4√
6α+ ξ0
,
when α and ξ0 are both positive.
So the trace of perturbation matrix is negative for the critical point (B2). And we can read from the matrix that
the determinant of perturbation matrix is positive at the same point. Thus, the eigenvalues for the fixed point are
both negative and the fixed point is a stable point.
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